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We introduce a parametric family of cardinality-based similarity measures for ordinary
sets (on a ﬁnite universe) harbouring numerous well-known similarity measures. We char-
acterize the Łukasiewicz-transitive and product-transitive members of this family. Their
importance derives from their one-to-one correspondence with pseudo-metrics. Fuzziﬁca-
tion schemes based on a commutative quasi-copula are then used to transform these sim-
ilarity measures for ordinary sets into similarity measures for fuzzy sets, rendering them
applicable on graded feature set representations of objects. The main result of this paper
is that transitivity, and hence also the corresponding dual metric interpretation, is pre-
served along this fuzziﬁcation process.
 2008 Elsevier Inc. All rights reserved.1. Introduction
In daily life, one is often confronted with situations where one needs to distinguish between several objects. Therefore,
similarity tools are of great importance to obtain a degree of resemblance between two or more objects. Also in many sci-
entiﬁc domains, such as chemistry, biology, information retrieval and many more, one has to deal with the problem of sim-
ilarity measurement. The simplest way to compare two objects is to provide a set of features relevant for those objects. In
this way, binary (feature) vectors are constructed where a bit is set off if the object lacks a particular feature and set on other-
wise. Then, one can simply compare the binary vectors, rather than comparing the objects themselves. This way of compar-
ing objects is used a lot in practice and, not surprisingly, many similarity measures based on the presence or absence of
common features already exist. An overview of such measures can be found, for instance, in Sneath and Sokal [32]. The most
popular similarity measure encountered in about every discipline is still the Jaccard coefﬁcient [22].
Previously, some of the present authors have considered the systematic construction of similarity measures suitable for
comparing binary vectors of ﬁnite length n, or equivalently, for comparing ordinary subsets of a ﬁnite universe [8]. More spe-
ciﬁcally, attention was focused on a class of similarity measures that are rational expressions in the cardinalities of the sets
involved. These rational similarity measures have been investigated for properties such as monotonicity and T-transitivity,
with T a triangular norm.
However, similarity measurement does not restrict to binary vectors only. Many times graded feature vectors, i.e. vectors
whose components take values in the real unit interval, are to be compared. Therefore, one of the aims of this paper is to. All rights reserved.
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measures as fuzzy similarity measures, as will become clear later on.
It is, of course, possible to set up an axiomatic framework for studying and characterizing fuzzy similarity measures. Nev-
ertheless, a simpler method to construct fuzzy similarity measures is to start from a similarity measure for ordinary sets and
to establish a set of fuzziﬁcation rules by which the measure is transformed, in a consistent manner, into a fuzzy similarity
measure. In most papers concerned with fuzzy similarity measures, according to a well-known recipe of Zadeh [38], the min-
imum and maximum operators are used to model pointwise intersection and union of fuzzy sets. Many papers have already
been dedicated to the fuzziﬁcation of cardinality-based similarity measures, e.g. [1,28,34,36]. They are mainly based on the
fuzziﬁcation of Tversky’s contrast model [35].
In this paper we adopt a more general setting. We model fuzzy set intersection by means of a commutative quasi-copula.
This approach has two advantages: it preserves classical cardinality laws and allows us to invoke Bell-type inequalities. Our
paper is organized as follows. In Section 2, we introduce a four-parameter family of similarity measures for ordinary sets
and identify the transitive members of that family. This family can be fuzziﬁed into a family of fuzzy similarity measures
through the use of a commutative quasi-copula, as is explained in Section 3. Most importantly, in Section 4, we prove the
remarkable result that the transitivemembers can be identiﬁed in the sameways as before. Finally, we draw some conclusions
in Section 5.
2. Similarity measures for ordinary sets
2.1. A parametric family of cardinality-based similarity measures
A common recipe for comparing objects is to select an appropriate set of features and to construct for each object a binary
vector encoding the presence (1) or absence (0) of each of these features. Such a binary vector can be formally identiﬁed with
the corresponding set of present features. The degree of similarity of two objects is then often expressed in terms of the car-
dinalities of the latter sets. Some frequently used similarity measures of this type are listed in Table 1 (columns 3–9 will be
explained further on). This table includes the Jaccard coefﬁcient, the Simple Matching coefﬁcient and the Dice coefﬁcient.
Some of the present authors have dealt with the systematic construction of cardinality-based similarity measures for
comparing ordinary subsets of a ﬁnite universe X = {x1,x2, . . . ,xn} [8]. More speciﬁcally, attention was focused on a family
of [0,1]-valued similarity measures that are rational expressions in the cardinalities of the sets involved:Table 1
Some w
Measur
Jaccard
Simple
Dice [1
Rogers
Sneath
SneathSðA;BÞ ¼ xaA;B þ txA;B þ ydA;B þ zmA;B
x0aA;B þ t0xA;B þ y0dA;B þ z0mA;B ; ð1Þwith A;B 2 PðXÞ (the powerset of X),
aA;B ¼ minðjA n Bj; jB n AjÞ;
xA;B ¼ maxðjA n Bj; jB n AjÞ;
dA;B ¼ jA \ Bj;
mA;B ¼ jðA [ BÞcj;and x, t,y,z,x0, t0,y0,z0 2 {0,1}. Note that these similarity measures are symmetric, i.e. S(A,B) = S(B,A) for any A;B 2 PðXÞ.
Reﬂexive similarity measures, i.e. S(A,A) = 1 for any A 2 PðXÞ, are characterized by y = y0 and z = z0. In this paper, we re-
strict our attention to the (still large) subfamily obtained by putting also t = x and t0 = x0, i.e.SðA;BÞ ¼ xDA;B þ ydA;B þ zmA;B
x0DA;B þ ydA;B þ zmA;B ; ð2Þwith DA,B = jADBj = jAnBj + jBnAj. On the other hand, we allow more freedom by letting the parameters x, y, z and x0 take po-
sitive real values. Note that these parameters can always be scaled to the unit interval by dividing both numerator and
denominator of (2) by the greatest among the parameters. In order to guarantee that S(A,B) 2 [0,1], we need to impose
the restriction 0 6 x 6 x0. Since the case x = x0 leads to trivial measures taking value 1 only, we consider from here on
0 6 x < x0.ell-known cardinality-based similarity measures
e Expression x x0 y z h / T
[22] jA\BjjA[Bj 0 1 0 1 – 1 TL
Matching [33] 1 jADBjn 0 1 1 1 1 – TL
5] 2jA\BjjADBjþ2jA\Bj 0 1 2 0 –
1
2 –
and Tanimoto [31] njADBjnþjADBj 0 2 1 1 2 – TL
and Sokal 1 [32] jA\BjjA\Bjþ2jADBj 0 2 1 0 – 2 TL
and Sokal 2 [32] 1 jADBj2njADBj 0 1 2 2 12 – –
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the table. Gower and Legendre [21] have introduced two one-parameter families Sh and T/ of cardinality-based similarity
measures, with h and / positive reals. Using the notations introduced above, these families can be written asShðA;BÞ ¼ dA;B þ mA;BhDA;B þ dA;B þ mA;B ;
T/ðA;BÞ ¼ dA;B/DA;B þ dA;B :It is easy to see that both families are part of family (2). Indeed, Sh can be obtained by setting x = 0, y = z = 1 and x0 = h, while
substituting x = z = 0, y = 1 and x0 = / leads to T/. Each of the measures in Table 1 belongs to one of these families, as indicated
in the table. Note that family T/ corresponds to the symmetric part of a family introduced by Tversky [35].
2.2. T-transitive similarity measures versus pseudo-metrics
The members of family (1) have also been investigated for properties such as monotonicity and T-transitivity, with T a
triangular norm (t-norm) [8]. A t-norm is an increasing, commutative and associative binary operation on [0,1] with neutral
element 1 [25]. Although originating from the ﬁeld of probabilistic metric spaces, t-norms are nowadays mainly popular as
model for many-valued conjunction in fuzzy logic and for deﬁning the intersection of fuzzy sets in a pointwise manner. The
three basic continuous t-norms are the minimum operator TM(x,y) = min(x,y), the algebraic product TP(x,y) = x  y and the
Łukasiewicz t-norm TL(x,y) = max(x + y  1,0). They can be ordered as follows: TL < TP < TM. Since any continuous t-norm
can be built starting from these basic t-norms, they can be considered as prototypical cases.
One of the most important families of t-norms ðTFkÞk2½0;1 was obtained by Frank [19] as (continuous) solutions of the func-
tional equationTðx; yÞ þ Tðx; yÞ ¼ xþ y; ð3Þ
where T* denotes the dual t-conorm of T deﬁned byTðx; yÞ ¼ 1 Tð1 x;1 yÞ:
The family ðTFkÞk2½0;1 of Frank t-norms is given byTFkðx; yÞ ¼
TMðx; yÞ if k ¼ 0;
TPðx; yÞ if k ¼ 1;
TLðx; yÞ if k ¼ 1;
logkð1þ ðk
x1Þðky1Þ
k1 Þ otherwise:
8>><
>>:The cases k 2 {0,1,1} can be considered as limit cases of the general case. Note that any other t-norm fulﬁlling (3) is a par-
ticular kind of ‘symmetric’ ordinal sum of members of the Frank t-norm family (for more details we refer to [26]).
A similarity measure S on PðXÞ is called T-transitive (with T an arbitrary t-norm) if for any subsets A, B and C of X it holds
thatTðSðA;BÞ; SðB;CÞÞ 6 SðA; CÞ:
In case S acts on fuzzy sets, transitivity is deﬁned in the same way. Note that T-transitivity implies T0-transitivity for all T0 6 T.
The associativity of a t-norm T allows to deﬁne T-powers of a fuzzy relation, which are at the basis of the matrix method for
computing the T-transitive closure of a fuzzy relation [3]. However, there exist more general transitivity frameworks using a
conjunctor (see next section) instead of a t-norm (see also [7,5]).
The TM-transitivity property is well known in the ﬁeld of hierarchical clustering as it plays an essential role in the con-
struction of a partition tree or dendrogram [12]. More speciﬁcally, for a TM-transitive similarity measure S the mapping
d = 1  S is a pseudo-ultrametric. Unfortunately, family (2) does not contain any TM-transitive member. However, also
TL- and TP-transitive similarity measures are of interest due to their correspondence with [0,1]-valued pseudo-metrics
[10,11]:
(i) A similarity measure S is TL-transitive (Łukasiewicz-transitive) if it holds thatSðA;BÞ þ SðB;CÞ  1 6 SðA;CÞ: ð4Þ
It then holds that the mapping d = 1  S is a pseudo-metric, i.e. the triangle inequality holds:
dðA;CÞ 6 dðA;BÞ þ dðB;CÞ:(ii) A similarity measure S is TP-transitive (product-transitive, a property stronger than TL-transitivity) if it holds thatSðA;BÞ  SðB;CÞ 6 SðA;CÞ: ð5Þ
It now holds that the mapping d = logS is a pseudo-metric.
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none of them is TP-transitive. The TL-transitive and TP-transitive members of our family of similarity measures (2) are iden-
tiﬁed in the following sections.
2.3. Łukasiewicz-transitive members
In this subsection, we characterize the Łukasiewicz-transitive members of family (2).
Theorem 1. The TL-transitive members of family (2) are characterized by the necessary and sufﬁcient conditionx0 Pmaxðy; zÞ: ð6ÞProof. In order to identify the conditions on the parameters x, x0, y and z, we have to verify when inequality (4) is fulﬁlled.
Consider the setting in Fig. 1, then the following equalities hold:jA n Bj ¼ a1 þ b2; jA \ Bj ¼ b3 þ c;
jA n Cj ¼ a1 þ b3; jA \ Cj ¼ b2 þ c;
jB n Cj ¼ a2 þ b3; jB \ Cj ¼ b1 þ c;
jADBj ¼ a1 þ a2 þ b1 þ b2; jðA [ BÞcj ¼ a3 þ d;
jADCj ¼ a1 þ a3 þ b1 þ b3; jðA [ CÞcj ¼ a2 þ d;
jBDCj ¼ a2 þ a3 þ b2 þ b3; jðB [ CÞcj ¼ a1 þ d;and inequality (4) can be rewritten asðx0  xÞ  a1 þ a3 þ b1 þ b3
x0ða1 þ a3 þ b1 þ b3Þ þ yðb2 þ cÞ þ zða2 þ dÞ þ
a1 þ a2 þ b1 þ b2
x0ða1 þ a2 þ b1 þ b2Þ þ yðb3 þ cÞ þ zða3 þ dÞ

þ a2 þ a3 þ b2 þ b3
x0ða2 þ a3 þ b2 þ b3Þ þ yðb1 þ cÞ þ zða1 þ dÞ

P 0: ð7ÞSince x0 > x, we can omit the factor x0  x.
The condition x0 Pmax(y,z) is necessary.
Assume that (7) holds. Setting a2 = b2 = c = d = 0, we obtain the following inequality: 1
x0
þ a1 þ b1
x0ða1 þ b1Þ þ yb3 þ za3
þ a3 þ b3
x0ða3 þ b3Þ þ yb1 þ za1
P 0:Reducing the left-hand side of this inequality to the same denominator, the positivity of this denominator implies that the
numerator is positive as well, resulting inðx02  z2Þa1a3 þ ðx02  y2Þb1b3 þ ðx02  yzÞða1b3 þ a3b1ÞP 0:
In particular, setting a1 = a3 = 0 and min(b1,b3) > 0, we obtainðx02  y2Þb1b3 P 0;
and hence x0 P y. In the same way, we can set b1 = b3 = 0 and min(a1,a3) > 0, leading to the condition x0 P z. Note that other
combinations do not lead to further conditions on x0, y and z.
Similarly, we can start by setting a1 = b1 = c = d = 0 or a3 = b3 = c = d = 0, but none of these choices leads to new conditions.
We conclude that x0 Pmax(y,z) is a necessary condition for inequality (4) to hold.Fig. 1. Notations for cardinalities associated with three ordinary subsets A, B and C of a ﬁnite universe X.
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Assume that x0 Pmax(y,z). If we carefully expand the left-hand side of inequality (7), it is easy to see that no negative
terms occur in the expanded expression. h
Corollary 1. The TL-transitive members of the family Sh are characterized by hP 1 and those of the family T/ by /P 1.
Remark that Gower and Legendre [21] already proved that hP 1 (resp. /P 1) is a sufﬁcient condition for 1  Sh (resp.
1  T/) to satisfy the triangle inequality, but left it open whether this condition is also necessary. This is now clear.
2.4. Product-transitive members
In this subsection, we identify the product-transitive members of family (2).
Theorem 2. The TP-transitive members of family (2) are characterized by the necessary and sufﬁcient conditionxx0 Pmaxðy2; z2Þ: ð8ÞProof. In order to identify the conditions on the parameters x, x0, y and z, we have to verify when inequality (5) is fulﬁlled.
Considering the setting in Fig. 1, the latter inequality readsðx0  xÞ  a1 þ a3 þ b1 þ b3
N1
þ a1 þ a2 þ b1 þ b2
N2
þ a2 þ a3 þ b2 þ b3
N3
 ðx
0  xÞða1 þ a2 þ b1 þ b2Þða2 þ a3 þ b2 þ b3Þ
N2N3
 
P 0;
ð9ÞwithN1 ¼ x0ða1 þ a3 þ b1 þ b3Þ þ yðb2 þ cÞ þ zða2 þ dÞ;
N2 ¼ x0ða1 þ a2 þ b1 þ b2Þ þ yðb3 þ cÞ þ zða3 þ dÞ;
N3 ¼ x0ða2 þ a3 þ b2 þ b3Þ þ yðb1 þ cÞ þ zða1 þ dÞ:Again, we can omit the factor x0  x.
The condition xx0 Pmax(y2,z2) is necessary.
Assume that (9) holds. Setting a2 = b2 = c = d = 0, we obtain the following inequality: 1
x0
þ a1 þ b1
x0ða1 þ b1Þ þ yb3 þ za3
þ a3 þ b3
x0ða3 þ b3Þ þ yb1 þ za1
 ðx
0  xÞða1 þ b1Þða3 þ b3Þ
ðx0ða1 þ b1Þ þ yb3 þ za3Þðx0ða3 þ b3Þ þ yb1 þ za1Þ
P 0:Reducing the left-hand side of this inequality to the same denominator, the positivity of this denominator implies that the
numerator is positive as well, resulting inðxx0  z2Þa1a3 þ ðxx0  y2Þb1b3 þ ðxx0  yzÞða1b3 þ a3b1ÞP 0:
In particular, setting a1 = a3 = 0 and min(b1,b3) > 0, we obtainb1b3ðxx0  y2ÞP 0;
and hence xx0 P y2. In the same way, we can set b1 = b3 = 0 and min(a1,a3) > 0, leading to the condition xx0 P z2. Setting
a1 = b3 = 0 and min(a3,b1) > 0, or a3 = b1 = 0 and min(a1,b3) > 0 leads to the condition xx0 P yz, which is weaker than the
two previous conditions. Other combinations do not lead to further conditions on x, x0, y and z. We therefore conclude that
xx0 Pmax(y2,z2) is a necessary condition for inequality (5) to hold.
The condition xx0 Pmax(y2,z2) is sufﬁcient.
Assume that xx0 Pmax(y2,z2). If we carefully expand the left-hand side of inequality (9), it is easy to see that no negative
terms occur in the expanded expression. h
Corollary 2. The families Sh and T/ do not contain TP-transitive members.3. A parametric family of fuzzy similarity measures
Often, the presence or absence of a feature is not clear-cut and is rather a matter of degree. Hence, if instead of binary
vectors we have to compare vectors with components in the real unit interval [0,1] (the higher the number, the more the
feature is present), the need arises to generalize the aforementioned similarity measures. In fact, in the same way as binary
vectors can be identiﬁed with ordinary subsets of a ﬁnite universe X, vectors with components in [0,1] can be identiﬁed with
fuzzy sets in X. In order to generalize a cardinality-based similarity measure to fuzzy sets, we clearly need fuzziﬁcation rules
that deﬁne the cardinality of a fuzzy set and translate the classical set-theoretic operations to fuzzy sets. Some of the present
authors [4] have proposed a family of fuzziﬁcation schemes that can be used to transform cardinality-based similarity
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fuzziﬁcation rules. In order to generalize the family of similarity measures (2) to a fuzzy setting, we can proceed in two ways.
3.1. First simplify, then fuzzify
A ﬁrst procedure consists of making use of the following identities on the cardinalities of two crisp subsets A and B of a
ﬁnite universe X = {x1,x2, . . . ,xn},jA n Bj ¼ jAj  jA \ Bj; ð10Þ
jADBj ¼ jA n Bj þ jB n Aj ¼ jAj þ jBj  2jA \ Bj; ð11Þ
jðA [ BÞcj ¼ n jAj  jBj þ jA \ Bj; ð12Þto rewrite (2) asSðA;BÞ ¼ xðaþ b 2uÞ þ yuþ zðn a bþ uÞ
x0ðaþ b 2uÞ þ yuþ zðn a bþ uÞ ; ð13Þwith a = jAj, b = jBj and u = jA \ Bj.
A fuzziﬁcation then seems to require only the speciﬁcation of how to compute the cardinality of a fuzzy set and the choice
of an appropriate notion of intersection of fuzzy sets. As to the ﬁrst, we stick in this work to the following deﬁnition. The
cardinality jAj of a fuzzy set A in X is deﬁned asjAj ¼
Xn
i¼1
AðxiÞ: ð14ÞThis simple way of deﬁning the cardinality of a fuzzy set, also known as the sigma-count of A [38], is different from other
approaches deﬁning fuzzy cardinalities as fuzzy quantities (see e.g. Dubois and Prade [16], Wygralak [37], Ralescu [30]).
As to the second, we deﬁne the intersection of two fuzzy sets A and B in X in a pointwise manner byA \ BðxÞ ¼ IðAðxÞ; BðxÞÞ ð15Þ
for any x 2 X, where I is an appropriate function that generalizes Boolean conjunction. In this work, we have chosen to model
fuzzy set intersection by a commutative conjunctor I.
Deﬁnition 1. A binary operation I : [0,1]2? [0,1] is called a conjunctor if it satisﬁes:
(i) It coincides on {0,1}2 with the Boolean conjunction.
(ii) Monotonicity: I is increasing in each variable.
Such a minimal deﬁnition has proven extremely useful in the study of transitivity in the context of additive fuzzy pref-
erence structures [14,13]. Note that any conjunctor has absorbing element 0, i.e. I(p,0) = I(0,p) = 0. Interesting classes of
conjunctors are the classes of semi-copulas, quasi-copulas, copulas and t-norms. Semi-copulas are nothing else but con-
junctors with neutral element 1 [17], i.e. I(p,1) = I(1,p) = p for any p 2 [0,1] (note that semi-copulas were called conjunc-
tors in [9]). Any semi-copula I is bounded from above by TM, i.e. I 6 TM. Where t-norms have the additional properties of
associativity and commutativity, quasi-copulas have the 1-Lipschitz property, and copulas have the moderate growth
property (2-monotonicity) [27]. An associative copula is always a t-norm, while a 1-Lipschitz t-norm is always a copula
[20,27]. Any copula is a quasi-copula as well. As quasi-copulas play a central role in this work, we state their deﬁnition
explicitly.
Deﬁnition 2. A binary operation I : [0,1]2? [0,1] is called a quasi-copula if it satisﬁes:
(i) Neutral element 1.
(i0) Absorbing element 0.
(ii) Monotonicity: C is increasing in each variable.
(iii) 1-Lipschitz continuity: for any (p1,p2,q1,q2) 2 [0,1]4 it holds that:jIðp1; q1Þ  Iðp2; q2Þj 6 jp1  p2j þ jq1  q2j:The Frank t-norms, including TM, TP and TL, all have the 1-Lipschitz property, and are therefore associative and commu-
tative (quasi-)copulas. For any quasi-copula I it holds that TL 6 I 6 TM [20].
Using these two ingredients, ‘fuzzy cardinality’ and ‘commutative conjunctor’, it is straightforward to fuzzify (13). How-
ever, such an approach is a bit shortsighted. One should obviously take care that the expressions a + b  2u and n  a  b + u
are positive, in order to guarantee that S(A,B) 2 [0,1]. This implies that the conjunctor I should be bounded as follows:pþ q 1 6 Iðp; qÞ 6 pþ q
2
ð16Þ
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the arithmetic average.
3.2. Fuzzy cardinality laws
A second, more elaborate approach consists of introducing fuzzy counterparts for the set-theoretical operations used in
(2): complement, difference, symmetric difference and union. The aim here is twofold: propose operations with desirable
properties, preserving at the same time the cardinality laws (10)–(12). First, as we want to preserve the classical identity
jAcj = n  jAj, we should deﬁne the complement Ac of A in the standard way:AcðxÞ ¼ 1 AðxÞ: ð17Þ
Similarly as above, fuzzy set intersection is initially deﬁned by means of a commutative conjunctor I. Second, preserving (10)
leads to deﬁning AnB as follows:A n BðxÞ ¼ AðxÞ  IðAðxÞ;BðxÞÞ:
Isolating from this expression the function V(p,q) = p  I(p,q), the following observations can be made [6]:
(i) V takes values in [0,1] if and only if I 6 TM. This condition is, e.g., satisﬁed when considering a commutative semi-cop-
ula, i.e. a commutative conjunctor with neutral element 1.
(ii) V(p,) is decreasing for any p 2 [0,1].
(iii) V(,q) is increasing for any q 2 [0,1] if and only if I is 1-Lipschitz continuous. The function 1  V(p,q) can then be seen
as a generalization of the Boolean implication (it coincides on {0,1}2 with the Boolean implication, and is decreasing in
the ﬁrst variable, increasing in the second variable). The corresponding deﬁnition of fuzzy set difference is only one of
the proposals in [18]. Note that in this case it is also natural to view the function J(p,q): = V(q,p) as a coimplicator [2].
Similarly, preserving (11) leads to deﬁning ADB as follows:ADBðxÞ ¼ AðxÞ þ BðxÞ  2IðAðxÞ;BðxÞÞ:
Isolating from this expression the function W(p,q) = p + q  2I(p,q), the following observations can be made [6]:
(i) W takes values in [0,1] if and only if 1/2TL 6 I.
(ii) W is commutative and has neutral element 0.
Finally, preserving (12), taking into account (17), leads to deﬁningA [ BðxÞ ¼ AðxÞ þ BðyÞ  IðAðxÞ;BðyÞÞ:
Isolating from this expression the function J(p,q) = p + q  I(p,q), the following observations can be made [6]:
(i) J takes values in [0,1] if and only if (16) holds.
(ii) J is commutative and has neutral element 0. If I has neutral element 1, then J has absorbing element 1.
(iii) J is increasing (in each variable) if and only if I is 1-Lipschitz continuous. Moreover, if I is 1-Lipschitz continuous, then
also J is 1-Lipschitz continuous.
Taking into account (3), both I and J are associative if and only if I is an ordinal sum of Frank t-norms.
Summarizing, in order for V, W and J to take values in [0,1] and V and J to have desirable monotonicity properties, we
should restrict our attention to a commutative quasi-copula I, such as a 1-Lipschitz t-norm or a commutative copula. Since
for a commutative quasi-copula the cardinality laws (10)–(12) hold when using the corresponding binary operations V, W
and J, a fuzziﬁcation of (13) or a fuzziﬁcation of (2) result in the same expressionSðA;BÞ ¼ xðaþ b 2uÞ þ yuþ zðn a bþ uÞ
x0ðaþ b 2uÞ þ yuþ zðn a bþ uÞ ; ð18Þwith a = jAj, b = jBj and u = jA \ Bj for two fuzzy sets A and B in X. For the sake of soundness, we will therefore consider from
here on family (18) with fuzzy set intersection based on a commutative quasi-copula. Note that the restriction 0 6 x < x0 still
applies.
4. Transitivity of the parametric family of fuzzy similarity measures
4.1. Bell-inequalities and meta-theorems
Studying the transitivity of (fuzzy) cardinality-based similarity measures inevitably leads to the veriﬁcation of inequal-
ities on (fuzzy) cardinalities. We have recently established several powerful meta-theorems that provide an efﬁcient and
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these meta-theorems state that certain classical inequalities are preserved under fuzziﬁcation when modelling fuzzy set
intersection by means of a commutative conjunctor that fulﬁlls a number of Bell-type inequalities.
In [23], we introduced the classical Bell inequalities in the context of fuzzy probability calculus and proved that the fol-
lowing Bell-type inequalities for commutative conjunctors are necessary and sufﬁcient conditions for the corresponding
Bell-type inequalities for fuzzy probabilities to hold. The Bell-type inequalities for a commutative conjunctor I read as
follows:B1 : TLðp; qÞ 6 Iðp; qÞ 6 TMðp; qÞ;
B2 : 0 6 p Iðp; qÞ  Iðp; rÞ þ Iðq; rÞ;
B3 : pþ qþ r  Iðp; qÞ  Iðp; rÞ  Iðq; rÞ 6 1for any p,q,r 2 [0,1]. Note that the double inequality B1 requires neutral element 1 and is fulﬁlled for any commutative semi-
copula bounded from below by TL. Inequality B2 is fulﬁlled for any commutative quasi-copula, while inequality B3 only holds
for certain t-norms [24], including the members of the Frank t-norm family TFk with k 6 9þ 4
ﬃﬃﬃ
5
p
[29]. Also note that inequal-
ity B1 follows from inequality B2.
Consider three fuzzy sets A, B and C in a ﬁnite universe X and a commutative conjunctor I for modelling fuzzy set inter-
section. Let n = jXj, a = jAj, b = jBj, c = jCj, u = jA \ Bj, v = jA \ Cj and w = jB \ Cj. If I satisﬁes Bell inequality B2, then it holds
thata u vþwP 0; b uwþ vP 0; c  vwþ uP 0: ð19ÞIf I satisﬁes Bell inequality B3, then it also holds thataþ bþ c  u vw 6 1: ð20Þ
We shortly resume our meta-theorems [9].
Theorem 3. Consider a commutative conjunctor I that satisﬁes Bell inequalities B2 and B3. If for any ordinary subsets A, B and C of
an arbitrary ﬁnite universe X it holds thatHðjAj; jBj; jCj; jA \ Bj; jA \ Cj; jB \ Cj; jXjÞP 0; ð21Þ
whereH denotes a continuous function which is homogeneous in its arguments, then it also holds for any fuzzy sets in an arbitrary
ﬁnite universe Y.
If the functionH does not depend explicitly upon jXj, then Bell inequality B3 can be omitted.
Theorem 4. Consider a commutative conjunctor I that satisﬁes Bell inequality B2. If for any ordinary subsets A, B and C of an
arbitrary ﬁnite universe X it holds thatHðjAj; jBj; jCj; jA \ Bj; jA \ Cj; jB \ CjÞP 0; ð22Þ
whereH denotes a continuous function which is homogeneous in its arguments, then it also holds for any fuzzy sets in an arbitrary
ﬁnite universe Y.
These meta-theorems allow us to identify conditions on the parameters of the members of family (18) leading to TL-tran-
sitive or TP-transitive fuzzy similarity measures. As our fuzziﬁcation is based on a commutative quasi-copula C, condition B2
holds by default.
4.2. Łukasiewicz-transitive members
Theorem 5. Consider a commutative quasi-copula I that satisﬁes B3. The TL-transitive members of family (18) are characterized byx0 Pmaxðy; zÞ: ð23ÞProof. Expressing TL-transitivity for the members of family (18) yields an inequality of the type (21). As Theorem 1 states
that this inequality holds for ordinary sets if and only if the parameters satisfy (23), Theorem 3 guarantees that it holds for
fuzzy sets under the same condition. h
Theorem 6. Consider a commutative quasi-copula I. The TL-transitive members of family (18) with z = 0 are characterized byx0 P y: ð24ÞProof. In case z = 0, expression (18) is independent of the cardinality n, which allows to invoke Theorem 4 instead of The-
orem 3. Note that condition (23) simpliﬁes to x0 P y. h
The foregoing theorem implies that the fuzziﬁed version of the Jaccard coefﬁcient as well as that of the ﬁrst coefﬁcient of
Sneath and Sokal are TL-transitive, since both are members of family (18) with z = 0.
112 B. De Baets et al. / International Journal of Approximate Reasoning 50 (2009) 104–116Unfortunately, Theorem 5 does not enable us to verify TL-transitivity when we model intersection by a commutative qua-
si-copula for which B3 does not hold. To solve this problem, we provide a third theorem. First, we present some elementary
lemmata.
Lemma 1. Consider three strictly positive real numbers s1, s2 and s3 such that1
s1
þ 1
s2
 1
s3
P 0: ð25ÞThen for any positive real number t it holds that1
s1 þ t þ
1
s2 þ t 
1
s3 þ t P 0: ð26ÞProof. Since the denominators in (25) are positive, it can be rewritten ass3ðs1 þ s2Þ  s1s2 P 0: ð27Þ
Similarly, (26) can be rewritten asðs1 þ tÞðs3 þ tÞ þ ðs2 þ tÞðs3 þ tÞ  ðs1 þ tÞðs2 þ tÞP 0;
or, equivalently,t2 þ 2s3t þ s3ðs1 þ s2Þ  s1s2 P 0:
In view of (27), the latter inequality indeed holds. h
Lemma 2. Consider the quadratic real function f(x) = ax2 + bx + c, with c = f(0)P 0. If there exists a y > 0 such that f(y)P 0 and
2c + byP 0, then f(x)P 0 for any x 2 [0,y].
Proof. Since f(0)P 0 and f(y)P 0 for y > 0, the quadratic function f can only change sign in [0,y] if f0(0) = b < 0,
f0(y) = 2ay + b > 0 and f00(0) = a > 0. Suppose a > 0 and 0 <  b < 2ay. Then the discriminant D of the quadratic function f is given
byD ¼ b2  4ac < 2aby 4ac ¼ 2aðby 2cÞ:
Since 2c + byP 0, we can conclude that D 6 0 and therefore the function f is positive on [0,y]. h
Theorem 7. Consider a commutative quasi-copula I. The TL-transitive members of family (18) are characterized by condition (23).
Proof. Consider arbitrary fuzzy sets A, B and C in X. Let n = jXj, a = jAj, b = jBj, c = jCj, u = jA \ Bj, v = jA \ Cj and w = jB \ Cj. The
TL-transitivity of a member of family (18) can be equivalently expressed as (x0  x)L(x0,y,z)P 0 withLðx0; y; zÞ ¼ aþ b 2u
x0ðaþ b 2uÞ þ yuþ zðn a bþ uÞ 
aþ c  2v
x0ðaþ c  2vÞ þ yvþ zðn a c þ vÞ
þ bþ c  2w
x0ðbþ c  2wÞ þ ywþ zðn b c þwÞ : ð28ÞSince x0 > x, it sufﬁces to investigate when L(x0,y,z)P 0.
The case z = 0 is already addressed by Theorem 6.
The case y = 0. This case is completely analogous to the previous one. Considering (18) for the complementary fuzzy sets Ac
and Bc corresponds to (18) for A and B, provided y and z are interchanged. Therefore, in case y = 0, the condition x0 P z is
sufﬁcient for L(x0,y,z)P 0 to hold.
The case y– 0^z– 0. Since changing the fuzzy sets into their complements corresponds to interchanging y and z, we can
suppose y 6 z. We rewrite L(x0,y,z) as follows:Lðx0; y; zÞ ¼ 1
x0 þ ðyuþ zðn a bþ uÞÞ=ðaþ b 2uÞ 
1
x0 þ ðyvþ zðn a c þ vÞÞ=ðaþ c  2vÞ
þ 1
x0 þ ðywþ zðn b c þwÞÞ=ðbþ c  2wÞ :In view of Lemma 1, it sufﬁces to prove that L(z,y,z)P 0 in order to conclude that L(x0,y,z)P 0 for any x0 P z. As to the ﬁrst,
we obtain
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zðn uÞ þ yu
aþ c  2v
zðn vÞ þ yvþ
bþ c  2w
zðnwÞ þ yw ¼
1
z
aþ b 2u
n lu 
aþ c  2v
n lv þ
bþ c  2w
n lw
 
;with l ¼ zyz , taking values between 0 (when y = z) and 1 (when y = 0). The problem reduces to showing that L(z,y,z)P 0 for
any l 2 [0,1]. Reducing the above expression for L(z,y,z) to the same denominator and omitting this positive denominator,
we have to verify thatMðlÞ ¼ ðn lvÞ½ðaþ b 2uÞðn lwÞ þ ðbþ c  2wÞðn luÞ  ðaþ c  2vÞðn luÞðn lwÞ
¼ l2½ðaþ b 2uÞvw ðaþ c  2vÞuwþ ðbþ c  2wÞuv  ln½ðaþ b 2uÞðvþwÞ  ðaþ c  2vÞðuþwÞ
þ ðbþ c  2wÞðuþ vÞ þ 2n2ðb uwþ vÞis always positive for any l 2 [0,1]. From (19) it follows that M(0) = 2n2(b  u  w + v)P 0. Since l = 1 corresponds to y = 0,
we know from the previous case thatM(1)P 0. In order to apply Lemma 2, we still have to verify that the following inequal-
ity holds:4n2ðb uwþ vÞ  n½ðaþ b 2uÞðvþwÞ  ðaþ c  2vÞðuþwÞ þ ðbþ c  2wÞðuþ vÞP 0;or, equivalently,4nðb uwþ vÞ  ðaþ b 2uÞðvþwÞ þ ðaþ c  2vÞðuþwÞ  ðbþ c  2wÞðuþ vÞP 0:As this inequality should hold for any fuzzy sets A, B and C, we can express it equivalently for their complements. This leads
to the inequalityN ¼ 4nðb uwþ vÞ  ðaþ b 2uÞðn a c þ vþ n b c þwÞ þ ðaþ c  2vÞðn a bþ uþ n b c þwÞ
 ðbþ c  2wÞðn a bþ uþ n a c þ vÞP 0;or, equivalently,N ¼ ðaþ b 2uÞðaþ bþ 2c  vwÞ þ ðaþ c  2vÞðaþ 2bþ c  uwÞ  ðbþ c  2wÞð2aþ bþ c  u vÞ
¼ ðaþ b 2uÞðc  vÞ þ ðaþ c  2vÞðb uÞ þ ð2aþ bþ cÞða u vþwÞP 0:From (19) it then follows that NP 0.
Lemma 2 implies that M(l)P 0 for any l 2 [0,1]. We can conclude that x0 Pmax(y,z) is a sufﬁcient condition for
L(x0,y,z)P 0 to hold. The fact that this condition is also necessary is expressed by Theorem 1. h
Example 1. Considering as commutative quasi-copula a Frank t-norm, the TL-transitive members of family (18) are charac-
terized by condition (23). This follows from Theorem 7. It only follows from Theorem 5 for k 6 9þ 4
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or from Theorem 6
when z = 0.4.3. Product-transitive members
The same reasoning can be followed for identifying the conditions on the parameters x, x0, y and z leading to TP-transitive
members of family (18).
Theorem 8. Consider a commutative quasi-copula I that satisﬁes B3. The TP-transitive members of family (18) are characterized
byxx0 Pmaxðy2; z2Þ: ð29ÞProof. Expressing TP-transitivity for the members of family (18) yields an inequality of the type (21). As Theorem 2 states
that this inequality holds for ordinary sets if and only if the parameters satisfy (29), Theorem 3 guarantees that it holds for
fuzzy sets under the same condition. h
Theorem 9. Consider a commutative quasi-copula C. The TP-transitive members of family (18) with z = 0 are characterized byxx0 P y2: ð30ÞProof. In case z = 0, expression (18) is independent of the cardinality n, which allows to invoke Theorem 4 instead of The-
orem 3. Note condition (29) simpliﬁes to xx0 P y2. h
Unfortunately, Theorem 8 does not allow us to verify TP-transitivity when we model intersection by a commutative quasi-
copula for which B3 does not hold. We provide a direct algebraic proof to overcome this problem. Remarkably, this proof
again invokes one of the meta-theorems.
114 B. De Baets et al. / International Journal of Approximate Reasoning 50 (2009) 104–116Theorem 10. Consider a commutative quasi-copula I. The TP-transitive members of family (18) are characterized by condition
(29).
Proof. In a similar setting as in the proof of Theorem 7, the TP-transitivity of a member of family (18) can be equivalently
expressed as (after omitting the factor (x0  x))aþ b 2u
N1
 aþ c  2v
N2
þ bþ c  2w
N3
 ðx
0  xÞðaþ b 2uÞðbþ c  2wÞ
N1N3
P 0; ð31ÞwithN1 ¼ x0ðaþ b 2uÞ þ yuþ zðn a bþ uÞ;
N2 ¼ x0ðaþ c  2vÞ þ yvþ zðn a c þ vÞ;
N3 ¼ x0ðbþ c  2wÞ þ ywþ zðn b c þwÞ:We reduce the fractions in (31) to the same denominator and omit this positive denominator. Next, we divide the resulting
expression by x0 and introduce the notations x :¼ x=x0, y :¼ y=x0 and z :¼ z=x0 such that 0 6 x < 1, 0 6 y 6 1 and 0 6 z 6 1. The
problem then reduces to identifying the conditions on the x, y and z such that Kðx; y;zÞP 0, withKðx; y;zÞ ¼ xðaþ b 2uÞðbþ c  2wÞðaþ c  2vÞ þ y2½ðaþ b 2uÞvw ðaþ c  2vÞuwþ ðbþ c  2wÞuv
þ z2½ðaþ b 2uÞðn a c þ vÞðn b c þwÞ  ðaþ c  2vÞðn a bþ uÞðn b c þwÞ
þ ðbþ c  2wÞðn a bþ uÞðn a c þ vÞ þ yð1þ xÞðaþ b 2uÞðbþ c  2wÞv
þ zð1þ xÞðaþ b 2uÞðbþ c  2wÞðn a c þ vÞ þ yz½ðaþ b 2uÞðvðn c  bþwÞ þwðn a c þ vÞÞ
þ ðbþ c  2wÞðvðn a bþ uÞ þ uðn a c þ vÞÞ  ðaþ c  2vÞðwðn a bþ uÞ þ uðn b c þwÞÞ:Note that Kðx; y;zÞ is an increasing function of x. Hence, if we can prove that Kðx0; y;zÞP 0 for x0 ¼ maxðy2;z2Þ, then
Kðx; y;zÞP 0 for any x 2 ½x0;1½.
Since changing the fuzzy sets into their complements corresponds to interchanging y and z, and hence also that of y and z,
we can suppose that z 6 y, and hence also z 6 y. Then x0 ¼ y2, and Kðx0; y;zÞ ¼ Kðy2; y;zÞ is given byKðy2; y;zÞ ¼ y2ðaþ b 2uÞðbþ c  2wÞðaþ c  2vÞ þ y2½ðaþ b 2uÞvw ðaþ c  2vÞuwþ ðbþ c  2wÞuv
þ z2½ðaþ b 2uÞðn a c þ vÞðn b c þwÞ  ðaþ c  2vÞðn a bþ uÞðn b c þwÞ
þ ðbþ c  2wÞðn a bþ uÞðn a c þ vÞ þ yð1þ y2Þðaþ b 2uÞðbþ c  2wÞv
þ zð1þ y2Þðaþ b 2uÞðbþ c  2wÞðn a c þ vÞ þ yz½ðaþ b 2uÞðvðn c  bþwÞ þwðn a c þ vÞÞ
þ ðbþ c  2wÞðvðn a bþ uÞ þ uðn a c þ vÞÞ  ðaþ c  2vÞðwðn a bþ uÞ þ uðn b c þwÞÞ:This expression can be considered as a quadratic function of z, with z 2 ½0; y. Since z ¼ 0 corresponds to z = 0, Theorem 9
guarantees that Kðy2; y;0ÞP 0. Substituting z ¼ y, we obtain after some algebraic simpliﬁcations thatKðy2; y; yÞ ¼ 2y2n2ðb uwþ vÞ þ yð1 yÞ2ðaþ b 2uÞðbþ c  2wÞðn a c þ vÞ:
From (19) it follows that Kðy2; y; yÞP 0. If we can show that LðyÞP 0, then Lemma 2 implies that Kðy2; y;zÞP 0 for any
z 2 ½0; y. After some algebraic simpliﬁcations we obtain thatLðyÞ ¼ yfy2ðaþ b 2uÞðbþ c  2wÞðn a c þ 3vÞ þ y½2ðaþ b 2uÞðbþ c  2wÞðaþ c  3vÞ þ n½ðaþ b 2uÞðvþwÞ
 ðaþ c  2vÞðuþwÞ þ ðbþ c  2wÞðuþ vÞ þ ðaþ b 2uÞðbþ c  2wÞðn a c þ 3vÞg ¼ yLðyÞ:Since n  a  c + 3vP 0, it holds that L*(0)P 0. Next we consider the expression
Lð1Þ
n
¼ ½ðaþ b 2uÞðvþwÞ  ðaþ c  2vÞðuþwÞ þ ðbþ c  2wÞðuþ vÞ þ 2ðaþ b 2uÞðbþ c  2wÞP 0:Considering the expression in the right-hand side, it is easily veriﬁed, using a similar proof strategy as for Theorem 1,
that it is positive in the case of crisp sets. As the conditions of Theorem 4 apply, it follows that also for fuzzy sets it
holds that L*(1)/nP 0. In order to conclude that LðyÞP 0 for all y 2 ½0;1 it is sufﬁcient, due to Lemma 2, to study
the expression2ðaþ b 2uÞðbþ c  2wÞðn a c þ 3vÞ þ 2ðaþ b 2uÞðbþ c  2wÞðaþ c  3vÞ þ n½ðaþ b 2uÞðvþwÞ  ðaþ c
 2vÞðuþwÞ þ ðbþ c  2wÞðuþ vÞ;or, equivalently,n½2ðaþ b 2uÞðbþ c  2wÞ þ ðaþ b 2uÞðvþwÞ  ðaþ c  2vÞðuþwÞ þ ðbþ c  2wÞðuþ vÞ:
Table 2
Fuzzy versions of the similarity measures in Table 1 (ai = A(xi), bi = B(xi))
Similarity measure I = TM I = TP I = TL
Jaccard
Pn
i¼1 minðai ;biÞPn
i¼1aiþbiminðai ;biÞ
Pn
i¼1aibiPn
i¼1aiþbiaibi
Pn
i¼1 maxðaiþbi1;0ÞPn
i¼1aiþbimaxðaiþbi1;0Þ
Simple matching
Pn
i¼11aibiþ2minðai ;biÞ
n
Pn
i¼11aibiþ2aibi
n
Pn
i¼11aibiþ2maxðaiþbi1;0Þ
n
Dice 2
Pn
i¼1 minðai ;biÞPn
i¼1aiþbi
2
Pn
i¼1aibiPn
i¼1aiþbi
2
Pn
i¼1 maxðaiþbi1;0ÞPn
i¼1aiþbi
Rogers and Tanimoto
Pn
i¼11aibiþ2minðai ;biÞPn
i¼11þaiþbi2minðai ;biÞ
Pn
i¼11aibiþ2aibiPn
i¼11þaiþbi2aibi
Pn
i¼11aibiþ2maxðaiþbi1;0ÞPn
i¼11þaiþbi2maxðaiþbi1;0Þ
Sneath and Sokal 1
Pn
i¼1 minðai ;biÞPn
i¼12aiþ2bi3minðai ;biÞ
Pn
i¼1aibiPn
i¼12aiþ2bi3aibi
Pn
i¼1 maxðaiþbi1;0ÞPn
i¼12aiþ2bi3maxðaiþbi1;0Þ
Sneath and Sokal 2 2
Pn
i¼11aibiþ2minðai ;biÞPn
i¼12aibiþ2minðai ;biÞ
2
Pn
i¼11aibiþ2aibiPn
i¼12aibiþ2aibi
2
Pn
i¼11aibiþ2maxðaiþbi1;0ÞPn
i¼12aibiþ2maxðaiþbi1;0Þ
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Therefore, we can conclude that LðyÞP 0, and hence also LðyÞP 0 for all y 2 ½0;1. From this, it also follows that
Kðy2; y;zÞP 0 for all z 2 ½0; y and y 2 ½0;1. We can conclude that the condition
xP maxðy2;z2Þ;or equivalently,xx0 Pmaxðy2; z2Þ
is a sufﬁcient condition for a member of family (18) to be TP-transitive. The fact that this condition is also necessary is ex-
pressed by Theorem 2. h
Example 2. Considering as commutative quasi-copula a Frank t-norm, the TP-transitive members of family (18) are charac-
terized by condition (29). This follows from Theorem 10. It only follows from Theorem 8 for k 6 9þ 4 ﬃﬃﬃ5p or from Theorem 9
when z = 0.5. Conclusions
We have introduced a parametric family of cardinality-based similarity measures for ordinary sets and have investigated
the transitivity properties of its members. Moreover, we have shown that by modelling fuzzy set intersection pointwisely by
means of a commutative quasi-copula, and by modelling (symmetric) difference of fuzzy sets in an appropriate way, these
similarity measures can be applied to fuzzy sets as well. The use of a commutative quasi-copula guarantees that classical
identities on cardinalities hold for cardinalities of fuzzy sets as well. In Table 2, we summarize the resulting fuzzy similarity
measures for the commonly used commutative quasi-copulas TM, TP and TL. Finally, we have shown that the fuzzy similarity
measures have the same transitivity properties as their crisp counterparts.
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